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limit to d/dx. Conversion of the remaining part of the
matrix equation to continuous variables and integration
over x gives

Sle-orige) dy=ww +K  (A18)

where K is an integration constant. K has to be chosen
so that g(x) satisfies the continuous version of eq All, i.e.

f llg(x) dx =0 (A19)

A last transformation appreciably simplifies the integral
equation. Let

g(x) = 1 + Kf(x) (A20)
Equation A18 becomes
1
j: e =V dx = 1 (A21)
while (A19) gives
K=-2/ () d (A22)
=-2/ J:I x) dx
Equation A17 reduces to
DP/Dy =1 + [3K/8(21/2)] (A23)

The solution of eq A21 has been obtained by two in-
dependent approaches. The method of Latta!” is relatively
elementary to work through. The integral transforms of
the Gegenbauer polynomials presented by Auer and
Gardner!® are not so elementary to derive, but it is perhaps
more straightforward to use their formulas. With either
method one derives

flx) = [x(2/9)]7(1 - xB)7V/4 (A24)

With eq A22 to A24 it is a matter of manipulating I’
functions to derive the result given in eq 4.14.

We have verified the observation of Stockmayer that our
result for the diffusion constant with preaveraged HI is

identical with that based on the Kirkwood-Riseman
equation; see Yamakawa,? p 272. The analytical formula
of Zimm? contains a typographical error; the corresponding
numerical result is in agreement with ours.
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ABSTRACT: The influence of a transfer agent on the molecular weight distribution of ionic polymerizations
in which two active species intervene has been theoretically analyzed. A kinetic scheme that assumes
instantaneous initiation as well as instantaneous reinitiation after transfer is used to obtain several mathematical
expressions for the number- and weight-average molecular weights. In the same way, the effect of the rate
constant of the different active species on the molecular weight averages is also discussed.

Introduction

Living polymers can be prepared only when both ter-
mination and transfer reactions are absent. When this is
true and the initiation step is instantaneous, a single type
of ionic species contributes to the growing chains, so that
in most cases the resulting polymer has a narrow Poisson

distribution of chain lengths.! In ionic polymerization,
broadening of the distribution may occur because of dif-
ferent factors, such as slow initiation, spontaneous transfer,
and transfer to monomer. The influence of most of these
factors on the molecular weight distribution has been
theoretically studied in the past.2'®> Very recently, the
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influence of the transfer agent on the distribution of chain
lengths in the case of both instantaneous and slow initia-
tion has been reported.16!

Tonic polymerizations in which two active species con-
tribute to the growing chains have been widely investi-
gated. Thus, in the polymerization of tetrahydrofuran with
different ionic salts, Penczek and co-workers!®!® have
shown that the value of the propagation constants through
the free macroion and the ionic pair are identical in ni-
tromethane and in methylene chloride. Sangster and
Worsfold,?® however, have obtained different values for
these quantities with triethyloxonium tetrafluoroborate
as catalyst. In the polymerization of 3,3-dimethyloxetane,
Goethals? has found that the difference between the two
propagation constants approaches zero in methylene
chloride. Other investigators arrive at different results in
the polymerization of bicyclic amines,?? the propagation
constant in this case being larger for ionic pairs than for
free ions. Finally, in the anionic polymerization of ethylene
oxide with carbazide salts,?® with potassium as counterion,
the two propagation constants have similar values, but in
the polymerization of propylene sulfide they are different.?

In the past years, a large amount of work has been done
on different cationic polymerizations in which ionic and
covalent active species act concurrently. Examples of
reactions of this type are the polymerizations of styrene
by perchloric acid** and acetyl perchlorate,? of p-meth-
oxystyrene by superacids,?® of cyclic ethers by acyl per-
chlorates?™ 0 and by superacids and their derivatives,’-32
and of cyclic imino ethers by alkyl halides.® All of these
catalysts have counterions giving covalent character to the
growing species. In addition, of course, there is an ester
= ion equilibrium which will be displaced to the right or
to the left depending on the polarity of the reaction me-
dium.

In the case of ionic polymerizations through two active
species, transfer reactions may also occur that affect the
different growing species. Therefore, it may be important
to study the influence of the transfer agent on the mo-
lecular weight distribution in order to achieve a better
understanding of such ionic polymerization mechanisms.
This work focuses on the theoretical analysis of the dis-
tribution of chain lengths in polymerizations where two
active species intervene and, at the same time, transfer
reactions take place with substances of the reaction me-
dium.

Kinetic Scheme

Let us consider that the kinetic scheme involves the
following stages:

initiation
k;
I+ M— Nj* + Nj**
propagation
By
N* + M — Ny *
k**
N + M —— N, **
transfer

ki*
Nl*+T—"Nl+I

PR
Ni** + T ——— Ni + I

where I, M, N;*, N;**, T, and N; represent, respectively,
the initiator, the monomer, the two active species, the
transfer agent, and the inactive species. In the same way,
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kp*, k**, ke*, and k** denote the propagation and transfer
constants for the two species. Let us now assume that k;
— o, g0 that all of the initiator is converted into active
growing species. In this case, the fraction of each of the
two active centers will be determined by the equilibrium
constant (for both ionic and covalent species) or by the
dissociation constant of the ionic pair when ionic pairs and
free ions are the two active species present.
According to the kinetic scheme indicated above and as
a consequence of the spontaneous initiation, chain transfer
will cause instantaneous regeneration of an active chain.
Therefore, the following condition must be fulfilled:
Z(Nl* + N,**) = IO (1)
i=1
where I, is the amount of initiator at the beginning of the
reaction and N;* and N** are the concentrations of N;*
and N;**. Moreover, since the time is counted from the
very moment at which all of the initiator is depleted, the
initial conditions will be

My =My,-1, (N* + Ny#*)o = I
(N + N**¥) =0 =2
Ni=0 121

where M, is the total amount of monomer present before
initiator is added to the reaction medium.

The following kinetic equations describe the depletion
rate of the active species:

A(Ny* + Ny /dt = ~[(kp*M + RFTING* + (k**M +
kA T)N ¥ + (RF*ZNF + k#*TNT (2)
dAN*/dt = ~(k*M + kF*T)N* + k*MN,_*

P22 (32)
dN,»**/dt =—(kp**M + kt**T)Ni** + kp**MNi—l** (3b)
i =2

Here M and T are the concentrations of M and T.
In the same way, inactive species will be formed ac-
cording to the following equation:

dN;/dt = (R*N* + k**N#*)T i1 4)

The depletion rates of monomer and transfer agent are
expressed by

-dM/dt =
(kp*ZNi* + kp**ZNi**)M + (kt*ZNi* + kI NHT
, (5)

-dT/dt = (E*2N* + k**Z N**T (6)

The number and weight chain length distributions can
be obtained from the above equations. However, for the
sake of simplicity, the analysis will be limited to the de-
termination of the polydispersity index i,/i,, where chain
length averages i, and i, are defined as

Ti(N* + N#* + N))
i

T T (NF + N+ N (7a)

LANX + Nx* + N)
13

= 7b
T TINK + NA*+ N (Tb)

The differential rate equations (2)—(6) refer to the gen-
eral case in which the two active species are not interde-
pendent, on the understanding that the lack of interde-
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pendence between them is only relative because the con-
centrations of the two active species are usually related
by an equilibrium constant when covalent and ionic species
coexist or through a dissociation constant when ionic pairs
and free ions are the active centers present. In our case
it will be assumed that the concentration of the two active
species remains constant during the course of the reaction;
that is

ZN;'** = KZN,'* (8)

It should be stressed that K denotes the equilibrium
constant or the dissociation constant, depending, as was
indicated above, on the nature of the active species.

In order to correlate the averages i, and i, with the
kinetic parameters, we define three generating functions:

G* = ZN,-*y" G** = ZN,'**y" G = ZN.-y" )]

By using the differential equations indicated in (3) and
(4) one obtains

dG/dt = k*TG* + k**TG** (10)
dG*/dt = (1 - )k, *M + EATIG* + k*TEN#y (11)
dG**/dt =

(1 - y)k**M + kM*TIG** + k** T N#+y (12)

Finally, by applying the operator y(3/dy) successively
to the three equations and putting y = 1, one obtains the
following differential equations:

t
Ti(Ny + N+ + N) = I+ [ ([k,* TN +
0
kS ENMIM + (RN + k*TNAT} dt (13)
Ziz(N,'* + Ni** + N,) = ZI(N,'* + Ni** + Nl) +
t
J; {2k *[TIN*] + 2k, [TiNA*IM dt (14)
d(ZiN*) + kXT(XINX) dt = (k,*M + k*T) (/) dt
(15)

d(ZIN¥*) + k¥ T(TINF*) dt =
(RBp**M + k**T)(Iy/v)K dt (16)

N, = [ (k#(IN#) + R ENIT & (17

Let us now consider three different situations which can
arise depending on whether both M and T remain constant
or not. The case in which both M and T change with time
will be the first considered.

As indicated above, the concentration of each of the two
species remains constant, the sum of them being equal to
the initial catalyst concentration:

T Np* = KY N* INx=L/1+K) (18

Upon substitution of these equations into (6) one gets

a7 I, Iy
%k K
dt (k' 1+ K + ke 1+ K )T (19)

T=T, exp(—glot) (20)

where a = k* + k**K and ¥ = 1 + K. In the same way,
the dependence of M on time, obtained from eq 5, 18, and
20, is given by
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dM I I
—_—— k | JE. + * ¥k +
dt ( TR TR T RE M

P NP
CTrr TR R )T Y

and

T T
M= (M0 + —°) exp(—EIot) -2 exp(-glot) (22)
r Y r Y

where 8 = k* + k**K and r = 8/a - 1.
The time at whncﬁ the monomer concentration becomes

zero is
Y M,
T_—(B—a)lo 1n(1+ﬁr) (23)

where only the case r > 0 has been considered, that is, k,*
> k¢* and k** > k**. There are two limiting values

ifr—0

M,
= CYI()TO (24)
ifr— o
Y BMo
T = 5_1_ In aTo (25)

The calculation of the averages i, and i, was carried out
as set out above, with the results

Z(N;* + N,'** + N,) = IO + To -T (26)

YIN*+N}*+N)=M,-M (27)
Therefore
. My, -M
Iy = m (28)

Once the monomer has been depleted, the number-av-
erage chain length is expressed by

Mg\
(in)r = Min/{IO + TO[ (1 + —) ]} (29)
T,

Two limiting situations can occur:
ifr— o
(in); = Min/I, (30)
ifr—0
(o), = Min /Uy + To[l - exp(-My/To)l} ~ (31)

The former case is similar to that which would be obtained
if transfer agent were not present in the reaction medium
and the latter reduces to (i), = My, / (I, + Ty) if My > T,
a normal situation in most ionic polymerizations. More-
over, the equations are similar to those previously reported
for a single active species,® the only difference being that
then the value of r is (k, - &)/ k.

As for the weight-average chain length, the integral in-
volved in eq 14 can only be solved exactly, if r happens to
be an integer m, by defining a new variable x exp[—(a/
y)Igt} = T/T,. Under these circumstances

iw=1+A/M,-M) (32)

where
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3
A= 12k (TiNK) + 2k (EINFIM dt =

2
;(pl + Kp,y)Tol1 - (T/Tp)] - '—+"1‘(P1 + sz)(Mo +

T 1 - oy +
- /To

¢1 Ty
2 exp(-Tyo,/1y) M, + — Yoo exp(Tooy /1) -
Y3 exp(TO'l/Io)} + Ala{exp(Tocrl/Io) -

[ T,
exp(TO'l/Io)} + 2K exp(_Todz/Io) ?2(M0 + _)
0
{e’ exp(Tooo/1o) - & exp(Ta2/IO)} +

Ag-;—{exp(Toaz/Io) —exp(Too /1)) | - 51[ %(TO/IO) -

o
’ 4 T
,o(Mo °)] - ez[%‘(To/Io) - %(Mo + ;")]
(33)

In this equation the following definitions have been used:

mo ml I, y*
= ,E,(m —j)!(Toal)
ST
=0 (m M\ Thoy
m! I_O j+l 1 m—j
(m = N\ Tooy T,
m I, j+1 1 T \mit 7
— ; 1-1 =
]§=:()(m _J)! Too'l (m halt) + 1) TO J

,Zn: m! I j+1 1 L. _T_ 2m—j+1 ]
j=0(m J)‘ T00'1 2m —j +1 TO i

3 = Z( -1y

The quantities py, g, vo, ¢z, Ag, €3, 01/, @2, @3, ¢4/, and 5’

are similar to the above-indicated quantities but obviously
with the kinetic parameters corresponding to the second
active species.
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In the case of a single active species all the terms cor-
responding to the second species vanish, so the value of
iy given by eq 32 and 33 reduces to that reported else-
where.!6

Let us now analyze the particular case in which M is
changing while T is constant. The instantaneous monomer
concentration is easily obtained from the linear differential
equation (21) which when integrated with T constant gives

M= (M0 + %TO) exp(—glot) - %TO (34)

As a consequence, the time necessary for the total con-
sumption of the monomer is

Y BM,
(t)M_ —7—6—1—0‘111(14'0[—7?) (35)

As in the general case

ZL(N,* + Ni** + Nl) = Min - M
Z(N;* + Ni**) = Io (36)
IN; = ZTolot

Hence, the number-average chain length is expressed by
the following equation:

= (1+bY)/[1—ab In (1——1—%—)] (37

where a = aTo/ﬁMo, b= Mo/lo, and Y = (MO - M)/Mo.
In the same way, the weight-average chain length is
given by

i,=1+A4/(1+ bV, (38)

where

A= J;tz[kp*(ziNi*) + R *(ZiNA)M dt =

I, . bz(1+a)y( Yy ) %

—;(alb - 1{ d, 2- fa)~ ZY[ba -(1-
folab —dy)] + 2[b(1 + a) - fi(a;b - d))1f1 X

[ ( Y )alb/dl] 2[b(1 + a) - fl(alb dl)]
1 —
l+4+a alb + dl

1+(a1b/dy)
+a)b[1—( 1+a) ] 2(1 - f1) (alb_

Y
d;) ln (1 - m)

I, b%(1 + a) Y ) 2b
—_ - ¥ QI -
‘YK(agb d2) { d2 2 1+a

(1- fo)(agh - dg)] + 2[b(1 + a)
2[b(1 + a) - fg(azb - dg)]

) (1 Y )ﬂzb/dz .
- - 1 + a B a2b + dz (

Yy \i+(ab/dy
+a)b[1—(1—1+a) ] 2(1 - f2) (azb_
Y

dy) In (1 S HEY

= falagh — dy)lf, X

where a; = kt*TO/kp*M07 dl = B/Vkp*, and fl = akp*/ﬁkt*.
The quantities a,, dy, and f, are similar, respectively, to
ay, di, and f;, but with the kinetic parameters corre-
sponding to the second active species; a, 8, and v were
defined for the general case.
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Table I
Fraction of Transfer Agent Remaining after Total
Depletion of Monomer for Different
Values of m and M /T,

M,/ m
T, 1 5 20 50 200 1000

1 0.5000 0.6988 0.8588 0.9244 0.9738 0.9931

10 0.0909 0.4555 0.7671 0.8831 0.9627 0.9908
50 0.0200 0.3312 0.7079 0.8552 0.9550 0.9892
100 0.0099 0.2884 0.6838 0.8434 0.9517 0.9886
500 0.0020 0.2091 0.6310 0.8167 0.9441 0.9870
1000 0.0009 0.1821 0.6095 0.8054 0.9408 0.9863

The limiting values of i, and i, at the moment in which
all of the monomer has been consumed are easily obtained
from the above equation by putting Y = 1. As in the
general case, the chain length averages can be reduced to
those reported for a single active center by substituting
a;=a,=a,d;=dy;=1,and f; = f, = 1 into eq 38 and 39.

Finally, a third situation may occur that will be briefly
analyzed. We refer to the case in which both M and T
remain constant during the polymerization reaction. For
this particular situation eq 3 can be solved directly to
obtain analytical formulas for N; N*, and N** as a
function of time and index i. Accordingly, the number-
average chain length is given by

1+ 8t
where S = (1/4)(8M, + aT;;) and the weight-average chain
length is expressed by the following equation:
. =1+ A/(1+ 8,

n =

where
21,
A = T{Slth + Rlzlexp(_kt*Tot) - 1]} +
21,
TK{SQRQt + Rf[exp(-—kt**Tot) - 1”

R, = k*M,/E*T,, and R, = k,**M,/k**T;, Once again,
the values of i, and i, reduce to those reported for a single
active species when all of the terms corresponding to the
second active species are cancelled out, that is, when v =
1 and K = 0 are substituted into the above equations.

Results and Discussion

In the course of this work we have often referred to the
analogy of the present results with those reported in an
earlier paper?® on transfer reactions where a single active
species intervenes in the growing chain. As in that work,
the discussion of the results is focused on the comparison
between the general case, both M and T changing with
time, and the particular one in which M is variable but T
is constant.

Let us first analyze the influence of the transfer agent
for different situations. It is obvious that if k,* > k* and
kp*¥* > k**, eq 28 or 29 and 33 or 39, respectlvely, will
produce similar values for the chain length averages i, and
iw. The reason is that the change of transfer agent con-
centration with time is negligible at total conversion. In
the general case, when M and T both change with time,
the fraction of transfer agent remaining after all of the
monomer has been consumed shows the same dependence
on m and M,/ T, as in the case of a single active species;
that is, T/Ty = (1 + mM,/Ty)™/™. The only difference
is that m depends on five representative constants in the
former case and only on two in the latter. In Table I
different values of T/ T are given for different values of
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Figure 1. Polydispersity mdex (R) vs. conversion (Y) for different
values of the constants. ky*/k* = R ¥* /R** = 4, k¥ R ¥* = 2,
and K =1, (—) M and pT var:able, -- M vanable and T
constant.

M,/ T, An important point that should be stressed is that
the results shown in this table are similar to those reported
in ref 16 for a single active species. It would appear, then,
as though for a single active species the values of the
propagation constant and the transfer constant were
equivalent to the sum of the two propagation constants
and to k* + k**K, respectively, in the case of two prop-
agating species. If M,/ T} increases, the fraction of transfer
agent at total monomer conversion will decrease because
more time is needed for the complete consumption of
monomer. The influence of m is also stressed in Table 1.
It can be observed that the situation in which m — «
represents practically a polymerization without transfer
reactions and the number-average polymerization degree
at total conversion is given by M,,/I,.

An interesting case which may arise is that both active
species have the same concentration and at the same time
the respective propagation constants are similar. When
this occurs, it is probable that the two transfer constants
have also the same value so that the molecular weight
averages will be identical with those that would be ob-
tained if a single active species had been present in the
reaction medium. Such may be the case for the polym-
erization of 3,3-dimethylthietane with triethyloxonium
tetrafluoroborate,? where the propagation constants for
free ion and the ionic pair have identical values. The
normal situation, however, will be that the propagation and
the transfer constants for the two species are quite dif-
ferent and, therefore, use must be made of the equation
derived for the general case.

In order to compare the molecular averages of ionic
polymerizations in which both M and 7T change with time
with those corresponding to polymerizations in which M
is variable and T is constant, the values of i, and i, were
computed in the two cases. Obviously, the large number
of combinations which arise for the five constants partic-
ipating in the polymerization process precludes the pos-
sibility of obtaining general conclusions about the influence
of each of the constants on the polydispersity index.

In Figure 1 the polydispersity index is plotted as a
function of conversion for determined values of the prop-
agation and transfer constants, assuming an equilibrium
constant K equal to unity. It can be observed that the
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Figure 2. Influence of the equilibrium constant on the poly-
dispersity index for the general case M and T variable, k */k **
=6, kp*/k* = kp**/k** = 3,and (---) K =103, (—) K = 1, and
(---) K =10%

polydispersity index depends on whether T is constant or
variable, its value being larger in the former case. In the
example considered, appreciable deviations are not ob-
served until conversions above 50% are reached. Moreo-
ver, it may be noted that the deviations will become more
noticeable as the transfer agent concentration increases,
so use of the simplified equation (M variable and T con-
stant) is valid only for polymerizations in which 7T}, is very
small.

As for the equilibrium constant, it is obvious that it has
a noticeable effect on the molecular weight distribution.
Figure 2 shows, as an example, the polydispersity index
as a function of the equilibrium constant for the general
case (M and T both variables), assuming k,*/k,** = 6 and
k*/k* = k**/k** = 3. The data indicate, however, that
the dependence of i,,/i, on K does not follow a well-defined
rule.

It is clear from the discussion that the polydispersity
index of ionic polymerizations, carried out in the presence
of a transfer agent, is strongly dependent on the number
of active species which intervene in the reaction, even for
small transfer agent concentrations. Situations may arise
in which a new species created by transfer is less reactive
than the initial one, so that a new reinitiation rate constant
should be introduced in the kinetic scheme. It has been
shown, however, that only in the case in which the ratio
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k,/k; is very high do the results differ significantly from
those obtained in the present work.!”
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